We determine the ground-state energy and Tan's contact of attractively interacting few-fermion systems in a one-dimensional harmonic trap, for a range of couplings and particle numbers. To this end, we implement a new lattice Monte Carlo approach based on a non-uniform discretization of space, defined via Gauss-Hermite quadrature points and weights. This particular coordinate basis is natural for systems in harmonic traps, and it yields a position-dependent coupling and a corresponding non-uniform Hubbard-Stratonovich transformation. The resulting path integral is performed with hybrid Monte Carlo as a proof of principle for calculations at finite temperature and in higher dimensions.
Introduction.-One-dimensional (1D) quantum systems in external potentials are among the small set of problems solved by every physics undergraduate student, in the absence of interactions. As soon as interactions are turned on, however, these problems quickly become intractable and one must generally resort to numerical methods even if the interaction is a simple Dirac delta function. This is true, in fact, in all spatial dimensions; but whereas the pedagogical 1D case has the advantage of being exactly solvable in many regimes (as long as translation invariance is not broken by the presence of an external potential), the 1D quantum mechanics of trapped, interacting Fermi gases resides well within the realm of computational physics. The massive availability of computers today thus make it feasible to produce accurate benchmarks for these simple-yet-elusive many-body problems.
Such benchmarks are not only critical for our general understanding and the development of computational methods, but they also constitute predictions for experiments with ultracold atoms [1, 2] . Indeed, as the experimentalist's ability to manipulate atomic clouds continues to increase, the realization of quasi-1D atomic gases is becoming more common. Short-range interatomic interactions, realized experimentally via broad Feshbach resonances, can moreover be tuned, inducing correlations whose high-momentum/frequency tails are governed by Tan's contact [3] . The finite-temperature thermodynamics, on the other hand, is given by universal equations of state, whose presumably simple structure has so far remained largely unknown.
Interest in 1D systems can be found in nuclear physics as well: 1D model calculations such as those in Refs. [4, 5] , which resemble nuclear systems, have been performed routinely for many years, both for insight into the physics as well as to develop new many-body methods [6] .
In this work, we make a prediction for ultracold-atom experiments and provide a benchmark for many-body methods. Specifically, we compute the ground-state energy of N spin-1/2 fermions in a one-dimensional harmonic trap. To this end, we also implement a new ab initio Monte Carlo approach based on a judiciously chosen non-uniform spatial lattice. Previous approaches to this problem have considered the homogeneous problem combined with the local density approximation [7] .
Hamiltonian and many-body method.-We focus on a one-dimensional system of two-species, attractively interacting fermions, whose Hamiltonian iŝ
where we takeT to be the kinetic energy operator corresponding to a non-relativistic dispersion relation E = p 2 /2m;V ext to be the external harmonic trap of frequency ω; andV int the two-body attractive zero-range interaction characterized by a bare coupling g (as in the Gaudin-Yang model [8] ), further specified below. To treat this many-body problem, we place it in a discretized spatial line of N x points (further details on the discretization given below), and approximate the Boltzmann weight via a symmetric Suzuki-Trotter decomposition:
for some small temporal discretization parameter τ . This is followed by a Hubbard-Stratonovich (HS) transformation [9] of the above interaction factor, as is common in auxiliary-field Monte Carlo calculations (see e.g. [10] ). With the resulting path-integral form for the interacting Boltzmann weight, we use the projection Monte Carlo approach to obtain ground-state properties of the system. As a trial wavefunction we use a Slater determinant of harmonic oscillator (HO) single-particle orbitals. Although this choice is not necessarily best (e.g., one could account for pairing correlations in the form of the wavefunction, etc.), it is effective enough for our purposes, as shown below. Because we are considering an external harmonic trap, with the Suzuki-Trotter factorization shown above, it is arXiv:1410.8103v1 [cond-mat.quant-gas] 29 Oct 2014 useful to define an HO basis and combineT andV ext , such that the sum
has a diagonal form in the HO basis. Here, the operator n k =n ↑,k +n ↓,k counts the number of HO excitations in level k of both spins, as usual. Throughout this work, we use units such that = m = k B = ω = 1, where m is the mass of the fermions and ω is the frequency of the harmonic trap. In conventional Monte Carlo calculations, in the absence of an external potential, it is common to switch between coordinate and momentum space to take advantage of Fourier acceleration techniques via fast Fourier transform (FFT) algorithms [11] . In those cases, the Suzuki-Trotter decomposition separates kinetic-and interaction-energy operators. In the present approach, instead, we switch between coordinate and HO space, implementing the imaginary-time evolution by applying theT +V ext piece in HO space, and theV int piece in coordinate space. Conventional Fourier acceleration techniques cease to be useful in this approach; nevertheless, analogous algorithms do exist which can be included in future implementations of this method.
One of the most efficient ways to represent singleparticle HO wavefunctions in coordinate space, which is needed in our approach, is to take the spatial mesh to consist of N x Gauss-Hermite (GH) integration points (with the associated weights), rather than the usual uniform lattice and the corresponding plane waves. The GH lattice guarantees that orthonormality of the wavefunctions is preserved to high accuracy (see below). On the GH lattice, the integral over a given function f (x) is approximated by
where the abscissas x i are given by the roots of the Hermite polynomial of degree N x , and w i are the (positive) weights (see e.g. Ref. [12] ) given by
where H n (x) is the normalized Hermite polynomial of order n. In Fig. 1 we plot the abscissas and weights for the main lattice sizes used in this work; the physical meaning of these quantities is clarified below. The 2N x variables {x i , w i } take the above form when chosen such that the integral in Eq. 4 is represented exactly by the sum on the right and when f (x) is a polynomial of degree 2N x − 1 or less. This is precisely the condition we need to preserve the natural orthogonality of the Hermite polynomials appearing in the HO wavefunctions, as mentioned above, if our basis of wavefunctions is cutoff at degree N x − 1. For this property to hold with the same accuracy (i.e. machine precision) on a uniform lattice, a much larger number of points would be needed. Using the GH lattice, the discretized interaction becomesV
wheren λi is the lattice density operator for spin λ at position i. Thus, we obtain a position-dependent coupling constant g(x i ) = g w i e x 2 i (see Fig. 1 ), which yields a corresponding position-dependent HS transformation. This kind of approach, i.e., defining a non-uniform mesh and a concomitant position-dependent coupling and HS transformation, has not been explored before, to our knowledge. We find this to be a particularly wellsuited formulation for the zero-range interaction considered here, but it could be extended to other interactions as well. In addition, this formulation bypasses the problem of dealing with periodic boundary conditions, which are problematic for trapped systems as they introduce spurious copies of the system across the boundaries. Although efficiency is not an issue for 1D systems, we have complemented our approach by implementing the hybrid Monte Carlo algorithm [13] , which will be essential in higher-dimensional versions of this method.
Since we work with a non-uniform lattice, the lattice spacing varies across the system. There are, nevertheless, well-defined infrared and ultraviolet cutoffs E IR = (N x − 1) −1 ω and E UV = (N x − 1) ω, determined by the maximum single-particle HO state in our basis (N x −1). The latter will vary with the total number of lattice points, which therefore enters in the couplingconstant renormalization. Thus, at fixed physics, the bare coupling is sensitive to the value of N x . This connection between the ultraviolet and infrared cutoffs is natural for systems in harmonic traps (see e.g. [14] ). For the latter, the horizontal axis is the bare lattice coupling g multiplied by 5/N x , which yields the correct renormalization factor at weak couplings.
Analysis and Results.-To tune the system to a specific physical point, determined by the 1D scattering length a 0 in units of the HO length scale a HO (= 1 in our units), we compute the ground-state energy of the two-body problem and match it to that of the continuum solution (see e.g. [15] ). The result of this renormalization procedure is shown in Fig. 2 . Once the coupling constant is determined, and two-body physics thus fixed, we proceed to vary the particle number and compute other observables.
To find the ground-state energy, we calculate the βω-dependence of the expectation value of the Hamiltonian and extrapolate to large βω, as shown in Fig. 3 . Conventional extrapolations would include an exponential decay to a constant value, but for the systems studied the exponential fall-off was sufficiently negligible to allow for a simple fit to a constant. In Fig. 4 we show our results for the ground-state energy per particle of 4, 6, 8, 10 and 12 particles, in units of ω. As evident in the figure, finite-size effects are very small for 4, 6 and 8 particles, and only become visible for the smallest lattice size (N x = 10) for higher particle numbers. The results otherwise collapse to universal curves that depend only on the coupling strength and the particle number, showing that the renormalization procedure works as expected.
To calculate Tan's contact, one may use the adiabatic relation, namely
which is readily available from our data on the energy per particle. Our results, for N x = 80, are shown in Fig. 5 . We note that, for the couplings studied here, the contact per particle shows essentially no dependence on the particle number, which indicates that the thermodynamic limit is quickly reached in these systems. Summary and conclusions.-We have presented a lattice Monte Carlo determination of the ground-state energy and Tan's contact of 1D unpolarized spin-1/2 fermions in a harmonic trap. The calculation was performed by implementing the hybrid Monte Carlo algorithm on a non-uniform Gauss-Hermite lattice, using lattice sizes ranging from N x = 10 to 80. This discretization is a natural basis for systems in an external HO potential, and it yields a position-dependent coupling constant and HS transform. To our knowledge, this is the first at- tempt to implement such an algorithm. Note that nothing prevents our approach from being generalized to finite temperature and to other interactions, although it would suffer from a sign problem in the same situations as conventional uniform-lattice approaches.
We have studied systems of up to N = 12 particles, for a wide range of attractive couplings. Despite the austere simplicity of the system (only one spatial dimension, only an attractive contact interaction), the ground-state energy and contact were previously unknown, and therefore our results are a prediction for experiments. This work paves the road for future, higher-dimensional studies that will combine non-uniform lattices with non-uniform fastFourier transforms as acceleration algorithms [11, 16] . 
